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Abstract. In this paper our aim is to prove some monotonicity and convexity results for the modified 
Struve function of the second kind by using its integral representation. Moreover, as consequences of 
these results, we present some functional inequalities (like Turan type inequalities) as well as lower and 
upper bounds for modified Struve function of the second kind and its logarithmic derivative. 

1. Introduction 

In the last decades many functional inequalities and monotonicity properties for special functions 
(like Bessel, modified Bessel, Gaussian hypergeometric, Kummer hypergeometric) and their several com- 
binations have been deduced by many researchers, motivated by several problems that arise in wave 
mechanics, fluid mechanics, electrical engineering, quantum billiards, biophysics, mathematical physics, 
finite elasticity, probability and statistics, special relativity and radar signal processing. Although the 
inequalities involving the quotients of modified Bessel functions of the first and second kind are inter- 
esting in their own right, recently the lower and upper bounds for such quotients received increasing 
attention, since they play an important role in various problems of mathematical physics and electrical 
engineering. For more details, see for example [3] and the references therein. The modified Struve func- 
tions of the first and second kind are related to modified Bessel functions of the first kind, thus their 
properties can be useful in problems of mathematical physics. In [6 Joshi and Nalwaya presented some 
two-sided inequalities for modified Struve functions of the first kind and for their ratios. They deduced 
also some Turan and Wronski type inequalities for modified Struve functions of the first kind by using 
some generalized hypergeometric function representation of the Cauchy product of two modified Struve 
functions of the first kind. Motivated by the above results, by using a classical result on the monotonicity 
of quotients of MacLaurin series, recently in [S] we proved some monotonicity and convexity results for 
the modified Struve functions of the first kind. Moreover, as consequences of these results, we presented 
some functional inequalities as well as lower and upper bounds for modified Struve functions of the first 
kind. In this paper our aim is to continue the study from [3] for the modified Struve functions of the 
second kind. The key tools in the proofs of the main results are the techniques developed in the extensive 
study of modified Bessel functions of the first and second kind and their ratios. The difficulty in the 
study of the modified Struve function consists in the fact that the modified Struve differential equation is 
not homogeneous, however, as we can see below, the integral representation of modified Struve function 
of the second kind is very useful in order to study its monotonicity and convexity properties. 

2. Modified Struve function: Monotonicity patterns and functional inequalities 

The modified Struve functions of the first and second kind, "L u and M„ are particular solutions of the 
modified Struve equation [SJ p. 288] 

(2-1) x 2 y"(x) + xy'(x) - (x* + ^)y(x) = -jr . 

The modified Struve function of the second kind has its power series representation as 

MJx) = LJx) - IJx) = V W-^ ^ - V — 

where /„ stands for the modified Bessel function of the first kind. 
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Now, let us consider the function M. v : (0, oo) — > K, defined by 
(2.2) M„(x) = -2 v t(p+1)x-' / M u (x 



2, 

which for v > — \ has the integral representation [5J p. 292] 

(2.3) Mv(x) = -%= [ (1-t 2 )" - * e~ xt dt 

V 7r Jo 

Our main result is the following theorem. 

Theorem 1. The following assertions are true: 

a. The function x i-> M v (x) is completely monotonic and log-convex on (0, oo) for all v > — ^. 

b. The function v i— > Jv[ v {x) is completely monotonic and log-convex on (— 5,00) for all x > 0. 

c. The function x i— > — M„(x) is completely monotonic and log-convex on (0, oo) /or all v e [-|,0] 
Consequently, for all x > £/ie following inequalities are valid: 

(2-4) ^ (!B )<E£ + fl, ,>-i, 

(2.5) < [M„(x)] 2 - M tf _i(aOM„+i(aO < , i/ > 1 



2 



2' 



^M' (x) 1 

(2 - 6) J*M <V ' v> -*' 

(2-7) _ V ^T^<^#<V / 



M„(a;) -^ + ^, „>-, 
Proof, a. & b. Observe that for n, m £ {0, 1, . . .} and v > — | we have 

(-1)™ [X„(x)] (n) = / * n (1 - tT~* e- a *dt, 
Jo 

These can be proved easily by induction on n and m. Thus, the functions x i— > .Mj,(x) and ^ i— > M^fi) are 
indeed completely monotonic and consequently are log-convex, since every completely monotonic function 
is log-convex, see [HI p. 167]. Alternatively, the log-convexity of these functions can be proved also by 
using (|2.3p and the Holder-Rogers inequality for integrals. Moreover, we arrive at the same conclusion by 
noticing that the integrand of (|2 .3[) is log-convex in x and v, and the integral preserves the log-convexity. 
For inequality (|2.4I) just observe that M. v is decreasing on (0, oo) for all v > — |, and thus 



1 



'7T 



M v {x)<— (l-i 2 ) 2 dt=— / s-i{l- S y-ids= —B[-,v+ - 



where B(-, •), expressed as B(x, y) — T(x)T(y)/T(x + y), stands for the Euler's beta function, 
c. From (12.2[) clearly we have 

x v M v (x) 



-M v (x) 



2T [v+\] 



On the other hand, observe that x i— > x v is completely monotonic on (0, oo) for all v < 0. Thus, by using 
part a of this theorem we have that the function x H> -M„(i), as a product of two completely monotonic 
functions, is completely monotonic and log-convex on (0, oo) for all v G (-|, 0] . Now, since 

M_i (x) = L_i(x) — I_i(x) = \ — sinhx — \ — coshx = —\ — e~ x , 
2 2 2 V irx V nx V irx 

the function x H > — Mi (x) is clearly completely monotonic and log-convex as a product of the completely 
monotonic and log-convex functions x i— > 4/ -x~2 and x 1— > e _2 \ 
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Now, let us focus on the Turan type inequality (|2.5|) . Since v i-> M u {x) is log-convex on (—^,00) for 
x > 0, it follows that for all v±, 1/2 > — \, a £ [0, 1] and i>0we have 

M^+ji-^fi) < [M Ul (x)] a [M, 2 (x)] 1_a . 
Choosing V\ = v— 1, v<i=v-\-\ and a = |, the above inequality reduces to the Turan type inequality 

[M v {x)} 2 - Mu-i(x)Mu+i(x) < 0, 
which is equivalent to the right-hand side of (12. 5[) . For the left-hand side (|2.5[) observe that the Turanian 

mA»(i) = [M„(x)] 2 - M„_i(s)M„+i(aO 

can be rewritten as 

(2.8) M A,(x) = jA„(x) + L A u (x) + r ±A v (x), 

where 

iA u (x) = [Iv(x)] 2 - / 1/ _i(a:)/ I/+1 (a;), 
lA„(x) = [Lv{x)] 2 - l, v -i(x)L u+ i{x) 

and 

f,LA„(i) = J„ + i(a;)L„_i(a;) + 7 1/ _i(x)L l/+ i(a;) - 2/ iy (x)L„(x). 
It is well-known that ;A„(i) > for all v > — 1 and x > 0, and lA„(i) > for all v > — | and x > 0. 
For these Turan type inequalities see for example JJ HJ HI O [TT] . On the other hand, by using the 
integral representations 

2(kxY * 



I v {x) = 7 ' / (1 - ty-? cosh{xt)dt, 

v^ r \ v + 2) 

2 fi^r 

Mx) = _ V . 2 ; / (1 - t 2 ) u ~i sinh(xi)di, 



where v > — |, and the relation r ff + |j T (f — |j = T 2 (y + |j we obtain for all ^ > | and x > that 



;,lA„(i) 



*r(* + i)r(i/-§; 



Jo 



(1 - t 2 ) v+ ^(l - s 2 y- 'i cosh(xi) sinh(xs)dids 

(1 - t 2 y~i (1 - s 2 f +^ cosh(xt) sinh(xs)dids 
8(±x) 2 " 



Trr 2 (1/ + i N 



(1 - t 2 )'^ (1 _ s 2 y-h cosh(xt) sinh(xs)dMs 



(1 - i 2 r-i(l - s'y-i [(1 - < 2 ) 2 + (1 - s 2 ) 2 



7rT 2 (y + §) 7 7 
-2(1 - i 2 )(l - s 2 )] cosh(xi) sinh(xs)dtds 
4,(l x ) 2l/ r 1 r 1 

12^/ / In j.2\i/-|/i J2\u-in2 „2\2 



(1 - t z y-i{l - s z y-2(t 2 - s z y cosh(xi) sinh(xs)dtds. 



ttT 2 (u + §) Jo Jo 

This shows that j i lA i/ (x) > for all 1^ > \ and x > 0, and consequently in view of (|2.8[) we have that 
mA„(x) > for all v > \ and x > 0, as we required. 

Next we prove the inequalities (|2 .6[) and (|2.7p . Since for v > — i the function M. u is completely 
monotonic on (0,oo), it follows that it is decreasing on (0, 00) for v > — ^. Consequently, the function 
x 1 ^ log (— x _1/ M^(x)) is also decreasing on (0, 00) for v > — |, which in turn implies the inequality (12.6[) . 
Now, we show that the inequalities (|2. 51) and (|2.6I) imply the inequality (|2.7I) . For this first observe that 
if we use the recurrence relations (see [5J p. 251] and [HI p- 292]) for the functions L„ and I u it can be 
shown that the function M„ satisfies the same recurrence relations as L„, that is, 

o (-)" 
(2.9) M I/ _ 1 (x)-M 1/+1 (x) = — M„(a;) 1 2 



x vy ' 0FT (!/+§) 
(if 



M,_x(x) +M, +1 (x) = 2M' I/ (x) - ■ ^ , 
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(2.10) xM' u (x) + uM„(x) = iM„_i(i). 
Now, combining the recurrence relations (|2.9p and (|2.10p we obtain 

(2.11) M„+i(aO = M' v {x) - -11,(1) 



V^T {v + |) 



and consequently, by using (|2.10l) and (|2.1ip we get 

l2 , x v M v - X (x) 



M 



M*) = (l + ^) l M »(x)} 2 - [M' v (x)f + 



V?2T (»/ + |) ' 

But, according to the left-hand side of (12.51) we have mA„(i) > for x > and v > |, and consequently 

[M „ W ]MM>)f>- -jg^ >0, 



that is, for x > and ^ > | we have 



iM^(i) 



-^)(f£ir+^)<»- 



M*(i) 

The inequality (|2.6p clearly implies the right-hand side of (12.71) , and this together with the above inequality 
imply that the left-hand side of (|2.7p is valid. □ 

Concluding remarks and further results. 

1. From (|2.4I) and part a of Theorem 1 it is clear that the function x i-> 5/ H M v (x) maps (0, oo) 

into (0, 1) and it is completely monotonic on (0, oo) for all v > — ^. On the other hand, according 
to Kimberling [7] it is known that if the function /, defined on (0, oo), is continuous and completely 
monotonic and maps (0,oo) into (0,1), then log / is super-additive, that is for all x, y > we 
have 

log f(x + y) > log /(a;) + log f(y) or f(x + y)>f(x)f(y). 
By using this result for all x, y > and v > — | we have the inequality 

M v {x + y)> ^±^ M v (x)M u (y). 
T {"+ 2) 

2. We note that it is possible to complement and improve the inequality (|2.4p . Namely, it can be 
shown that the inequality 

(2.12) MM > ^±|1 • '-^ 

1 (y + 1) ir 

is valid for ^ > \ and x > 0. Moreover, the above inequality is reversed when < i and x > 0, 
and by means of the inequality e~ x > 1 — x, the reversed form of the inequality (I2.12p is better 
than l|2.4l) for \v\ < | and x > 0. Now, let us recall the Chebyshev integral inequality 9i p. 40], 
which is as follows: if /, g : [a, b] — ► R are integrable functions, both increasing or both decreasing 
and p : [a, b] — > R is a positive integrable function, then 

(2.13) / p(t)f(t)dt { p(t)g(t)dt < ( p(t)dt ( p(t)f(t)g(t)dt. 



Note that if one of the functions / or g is decreasing and the other is increasing, then (|2.13p 
is reversed. Now, we shall use (|2.13p and (|2.3p to prove (|2.12p . For this consider the functions 
p,f,g : [0,1] -> R, defined by 

p(t) = 1, /(*) = -?=(i _ and g(t) - e"**. 

Observe that g is decreasing and / is increasing (decreasing) if —A < v < | > 5)- On the 
other hand, we have 

M„(0) = 4= T (1 - * 2 P" dt - ^ + ^ and /' e~ xt dt = I^fZ 



i> + i) 

and applying the Chebyshev inequality (I2.13P we get the inequality (|2.12l) for all v > |, and its 
reverse when \v\ < \. 
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3. It is also important to note here that by using the Chebyshev integral inequality (|2.13p it is 
possible to derive more inequalities for the modified Struve functions. For example, if we consider 
the functions p, f,g : [0, 1] — >• R, defined by 

p(t) = e- x \ f(t) = -L(l ~ t 2 Y-i and g(t) = - t 2 y+K 

V 7T V 7T 



and we take into account the relation 

PT pi 

Mi(x) = hi(x) — Ii(x) — \ — (cosh a; — 1) — \ — sinha; 
2 2 2 V irx \ irx 

then we get the inequality 

Mv-i(x)M v +i(x) < Mi(x)M 2v _i(x) 

or equivalently 



7ra; 



1), 



M v _i(x)M v+ i(a?) < 



T(2u) 



r(i/-^)r(i/ + 



;Mj(i)M^j(i) 



These inequalities are valid for i/ > | and a; > 0, and are reversed when v € (5, |) and x > 0. 
4. Next we show that it is possible to deduce similar inequalities to those given in (I2.7[) in the case 
when v £ [— ^,0] . Namely, according to part c of Theorem 1, the function x i->- -M„(a;) is 
completely monotonic and log-convex on (0, 00) for all v G [— |, 0] , and consequently we have 

M'l(x)M u (x) - [M' v {xf > 

for all x > and v € [— | , O] . On the other hand, recall that the modified Struve function M„ 
is a particular solution of the modified Struve equation (|2.1[) and consequently 



M'l(x) 



x 



Combining this with the above inequality we get that 
,2 \ . ! 



1 + — [M^z)]' - -M v (x)M' v (x) - [M'„(x)Y > 0, 



x 



that is, 



[ M v (x) 



xM' v {x) 



{x 2 + v 2 ) < 0. 



M u {x) 

Here we used the fact that M l/ (x) < for x > and v > — |. Now, taking into account the above 
inequality we clearly have 



(2.14) 



yT + 4(x 2 + i/ 2 ) iM^(i) ^ 



-1+ y/l + 4( X 2 + V 2 ) 



M u (x) 



(2.15) 



for all x > and 1/ <E [— i , O] . Observe that the left-hand side of (|2.14p is weaker than the 
left-hand side of (|2.7[) . however, the right-hand side of (|2.14[) is better than the right-hand side 
of (|2.7p . Moreover, it is important to mention here that M^(x) > for x > and v G [— 1,0] , 

xM' (x) 

and consequently the expression _ , is negative, which clearly implies the right-hand side 

M„(x) 

of (i2~m 

5. Now, we will use the Fox-Wright generalized hypergeometric function p ^ q (-), with p numerator 
and q denominator parameters, which is defined as the series 

Ilf=i r ( fl ; + a i n ) zn 



(oi,ai), . . . , (a p ,a p ) 
(6i s/ 8i),...,(6„^) 



' o nl=ir(6i+^-n) n! 



where z, a;, fcj € C, a;, /3j € R for I € {1, . . . ,p} and j £ {1, . . . , <?}. The series (|2.15p converges 
absolutely and uniformly for all bounded |z|, z € C when 



E 



a; > 0. 
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Thus, by using (|2.3|) we have 



2\v-± g-xt 



1 {-x) n f 1 „»=I 



2 ^ n\ 

n>0 



— (1 da 



2^ w — ; — — — ^ 1*1 



2 ^T(n + z/+l) n! 

T!>0 V ' 



V2> 2^ 



where, being e = |, the series converges for all a; > 0. Therefore, for all x > we have 



M v (x) 



V2' 2^ 


— X 







On the other hand, [101 Theorem 4] says that for certain conditions on the parameters a;, bj G M, 
ai, f3 j 6 R for £ € {1, . . . ,p} and j G {1, . . . , q}, the next exponential inequalities are valid for all 

xGR 



(2.16) iPoe^ 1 ^ < p ^ q 

where 



(ai,ai),...,(a p ,a p ) 
(h, /?!),..., (6 9 ,/3 9 ) 



<Vto-(l-el a l)Vi. 



^0 - 



n? =1 r(c 



and '0i = 



IlLirfa + a,) 



In our case we have 



e 7#+T) and ^ - (1 - e |x| )V>i 



(1 -e N ): 



r(i/ + i) ^ v yri r(i/ + i) v ; i> + 2)' 

and the conditions of jTOJ Theorem 4] can be simplified as v > ^ — 2 and v > Vq = 
0.7519383938. . .. Consequently, by applying (I2.16[) . for all v > vq and x > we have 

r(i/ + ij r(^ + i) v 7r r(^ + 2) 

We note that this inequality complements and improve (|2.4I) when ^ > t'o- 
6. Observe also that 

-xM'„(a:) 



M„(a;) 



= 1 



[M v (x)Y - [M' v (x) 



2 (v + ±) x^Myjx) 
+ 0F2-ir(z/ + |) ' 



Thus, by using (|2.6[) and the fact that M„(x) < for x > and f > — A, we have 



M A,(x) - - [M„(x)] 2 

a; 



iM^(i) 
M„(a;) 



i"M„(i) 

2-0Fr (!/ + 1) 



M v (x) x 



> 0. 



Combining this with the right-hand side of the Turan type inequality (|2.5p we obtain that for 

xM! v {x)~ ' 



x > and v > ^ we have 



M„(a:) 



< 



l ■ 



7. Finally we note that if we combine the inequalities [3 , 5 



Iu{x) < 



_ e 4 ( „+i) and L v (x) > 



x v sinh „ -. „ 

2i/+3 



2T(i/ + l)" " w ' 0F2"- 1 r(^+§; 



which hold for all v > —1 and a; > 0, then we obtain that 

x v sinh ■ 



M v (x) > 



2u+3 



0F2-- 1 r(^+|) 2T(i/+l) 



e 4<„+i) 



is valid for all i/ > — 1 and x > 0, and consequently the inequality 



M v {x) < 



T{v + 1) 



■e 4 (»+ 1 ) 



4 . , x 

■ sinh ■ 



VtF(2z/+1) 2i/ + 3 



is valid for all a; > and v > — \. 



FUNCTIONAL INEQUALITIES FOR MODIFIED STRUVE FUNCTIONS 



7 



References 

[I] A. Baricz, On a product of modified Bessel functions, Proc. Amcr. Math. Soc. 137 (2009) 189-193. 

[2] A. Baricz, Turan type inequalities for modified Bessel functions, Bull. Austr. Math. Soc. 82(2) (2010) 254-264. 

[3] A. Baricz, Bounds for modified Bessel functions of the first and second kinds, Proc. Edinb. Math. Soc. 53 (2010) 575-599. 

[4] A. Baricz, Bounds for Turanians of modified Bessel functions, J. Approx. Theory (submitted). 

[5] A. Baricz, T.K. Pogany, Functional inequalities for modified Struve functions, Proc. Roy. Soc. Edinburgh Sect. A 
(submitted). 

[6] CM. Joshi, S. Nalwaya, Inequalities for modified Struve functions, J. Indian Math. Soc. 65 (1998) 49-57. 
[7] C.H. Kimberling, A probabilistic interpretation of complete monotonicity, Acquationcs Math. 10 (1974) 152-164. 
[8] F.W.J. Olver, D.W. Lozier, R.F. Boisvert, C.W. Clark (Eds.), NIST Handbook of Mathematical Functions, Cambridge 
University Press, Cambridge, 2010. 
[9] D.S. Mitrinovic, Analytic Inequalities, Springer- Verlag, Berlin, 1970. 

[10] T.K. Pogany, H.M. Srivastava, Some Mathieu-type series associated with the Fox-Wright function, Comput. Math. 
Appl. 57(1) (2009) 127-140. 

[II] V.R. Thiruvcnkatachar, T.S. Nanjundiah, Inequalities concerning Bessel functions and orthogonal polynomials, Proc. 
Ind. Acad. Sci. Sect. A 33 (1951) 373-384. 

[12] D.V. Widder, The Laplace Transform, Princeton Univ. Press, Princeton, 1941. 

Department of Economics, Babe§-Bolyai University, Cluj-Napoca 400591, Romania 
E-mail address: bariczocsiOyahoo.com 



Faculty of Maritime Studies, University of Rijeka, Rijeka 51000, Croatia 
E-mail address: poganj0brod.pfri.hr 



